In this paper we investigate neutrino oscillations with altered dispersion relations in the presence of sterile neutrinos. Modified dispersion relations represent an agnostic way to parameterize new physics. Models of this type have been suggested to explain global neutrino oscillation data, including deviations from the standard three-neutrino paradigm as observed by a few experiments. We show that, unfortunately, in this type of models new tensions arise turning them incompatible with global data.
Introduction
Over the last approximately 20 years, neutrino oscillation measurements have become more and more precise and are now entering the precision era. Most of the current data coming from experiments using neutrinos from the Sun, reactors, the atmosphere and particle accelerators can be described in terms of three-neutrino oscillations, which depend on six oscillation parameters: two mass splittings (∆m 2 31 , ∆m 2 21 ), three mixing angles (θ 12 , θ 13 and θ 23 ) and a CP-violating phase (δ). Many of these parameters are measured very well as of now [1] . The remaining unknowns in this picture are the exact value of the CP-phase δ, the octant of the atmospheric angle (sin 2 θ 23 < 0.5 or sin 2 θ 23 > 0.5) and the neutrino mass ordering (∆m 2 31 > 0 or ∆m 2 31 < 0). The most recent oscillation data already provide some hints in favor of maximal CP violation and second octant of θ 23 , as well as a clear preference (above the 3σ level) for the normal mass ordered neutrino spectrum [1] , although they are not fully conclusive yet. Note that, combining oscillation data with recent cosmological observation results, a 3.5σ preference for normal ordering can be obtained [2, 3] .
Beyond the standard three-neutrino scenario, currently well established and characterized, some observations might suggest the existence of a fourth neutrino mass eigenstate. In the 90s, the LSND experiment observed the appearance of electron antineutrinos in a muon antineutrino beam [4] [5] [6] . A similar signal was recently observed in the MiniBooNE experiment [7] . Anomalies have also been observed in the electron (anti-) neutrino disappearance channel, known as the Gallium anomaly [8] [9] [10] [11] and the reactor antineutrino anomaly [12] . The common feature of all these anomalous results is their short baseline, or L/E of order 1 km/GeV and, therefore, all of them can be explained in terms of a fourth sterile neutrino with ∆m 2 41 ≈ 1 eV 2 , see for example Ref. [13] . However, with new data coming from different long baseline experiments [14] [15] [16] [17] [18] a tension between the results observed in muon neutrino beams at disappearance and appearance channel arises, see Refs. [19, 20] . The reason is that the mixing angles and mass splittings required to explain the short baseline anomalies should produce a visible effect at the long baseline sector, that is absent. Therefore, the simplest 3+1 scheme can not explain all the data simultaneously . For current reviews on this topic see Refs. [21, 22] . It has been shown that adding simply more sterile neutrinos will not resolve this tension either [23] .
This hot topic has been addressed in many articles since the latest results from MiniBooNE appeared [24] [25] [26] [27] [28] [29] [30] [31] . As one can see, many theories are being tested, some of which are directly related to neutrino oscillations as in Refs. [28, 29] .
In this paper, we focus on neutrino oscillations with altered dispersion relations (ADR) [32, 33] . Modified dispersion relations are an economic and agnostic way to encompass a whole bunch of new physics models. Using the fact that neutrino oscillation experiments are nothing but a fancy interferometer (neutrinos are produced as flavour eigenstates but propagate as mass eigenstates), we can use them to study effects that would be other-wise too small to be observed, like Lorentz violation 1 . As it is well known in the Standard Model, the (scalar) Higgs field acquires a vacuum expectation value (vev ) breaking the electroweak symmetry and giving masses to fermions. Therefore, it won't be surprising that in string theory (or in quantum gravity) not a scalar but a tensor field would be the one acquiring a vev. As a result, the interaction of the fields that couple to these vev, which can be thought of as background fields, will be velocity and direction dependent. In other words, these vev will trigger the breakdown of Lorentz symmetry.
Of course, Lorentz violations can arise naturally also in theories with extra dimensions [34] [35] [36] [37] . In this type of theories [32, 38, 39] , sterile neutrinos can travel through the extra dimensions, causing a resonant oscillation behavior for a certain energy range, which might give an explanation for the anomalies observed in a few experiments [40, 41] , without getting into conflict with cosmological observations [42] , which is not the case for a scenario with simple sterile neutrinos [43] . The resonant behavior is a key ingredient in the set-up, as it allows to tune the energy range where the effect triggers and guarantees that it is set-off outside of this range. It has been argued [27] , that these models do not affect the results obtained by the long baseline experiments. However, here we show that the parameters needed to produce sizeable effects in short baseline oscillations, indeed do spoil the oscillation probabilities in other neutrino oscillation experiments and, therefore, do not give a solution to the tension observed in short baseline oscillations.
Our paper is structured as follows: In Sec. 2 we first give a brief introduction to 3+1 mixing. Then, we discuss ADRs in this scenario, where we consider intrinsic ADRs and ADRs coming from an effective potential affecting neutrino propagation. In Sec. 3 we extend this discussion to the case of three sterile neutrinos and address the consistency of its predictions. Finally, in Sec. 4 we draw our conclusions.
Altered dispersion relations in a 3+1 scenario
In order to explain the anomalies mentioned in the introduction, the existence of a fourth neutrino was suggested. This additional neutrino must be sterile, hence a Standard Model gauge singlet, or heavy enough to avoid bounds by LEP on the number of active neutrino families [44] . In this paper, we will consider only light sterile neutrinos. In this case, the lepton mixing matrix has to be extended, adding three new angles, two new phases and a new mass splitting. In the simplest scenario, the Hamiltonian describing the neutrino propagation in matter is given by
(1)
Note that, since sterile neutrinos do not feel the weak interaction, the neutral current component of the potential, V NC , can not be eliminated from the expression of the effective potential, as it happens in the standard threeneutrino case. The neutrino mixing is now parameterized in terms of the 4 × 4 unitary matrix
where the tilde indicates that the corresponding mixing angle is accompanied by a CP-phase. Since in this work we are interested in effects occurring only on short baselines or in channels which are not sensitive to matter effects, we will not consider the matter potential here. As argued in the introduction, this simplest extension can not explain the anomalous results obtained by a few experiments without being in tension with other experiments. In this section we consider two possible extensions of this model.
Intrinsic modified dispersion relation
The excess of events found in MiniBooNE can be studied assuming the existence of a sterile neutrino with ∆m 2 41 1 eV 2 . In that case, the electron neutrino appearance probability is given by
The existing bounds on θ 24 come mainly from the non-observation of a signal of sterile neutrinos in the disappearance channel in MINOS/MINOS+ [14, 45] and IceCube [15] . At first approximation, the disappearance ν µ oscillation probability in the 3+1 scheme is given by
In the case of MINOS/MINOS+ and IceCube, since the kinematic phase is very large, the last term in the expression above is considered to be averaged to 1/2 sin 2 2θ 24 . The strong bounds on the 3+1 scenario coming from these experiments undermine the explanation of the anomalies in terms of a sterile neutrino. However, it has been claimed that altered dispersion relations could relax the tension between appearance and disappearance experiments. A modification of the dispersion relation occurs when the energy momentum relation E 2 = p 2 + m 2 does not hold any more. Alterations of this type can appear in theories with Lorentz violation [46] [47] [48] [49] . Here we will assume a generic Lorentz violating term associated to the fourth mass eigenstate. In this case, the kinematic phase changes according to
If the function f (E) is positive, the kinematic phase is larger than its corresponding value in the 3+1 neutrino standard framework, as it is shown in Figure 1 . This translates in the fact that probability terms controlled by ∆m 2 41 get smeared out at smaller energies. Such a behavior has no impact on the bounds set by MINOS/MINOS+ and IceCube on θ 24 , since the term depending on φ 41 is already averaged to 1/2. Adding a modified dispersion relation that makes the kinematic phase grow with the energy would only result on this term getting averaged to 1/2 at a lower energy. If the function f (E) is negative, the kinematic phase can eventually reach very small values and even get to zero. In that case,
Then, we can conclude that a very small kinematic phase φ 41 along the energy range of MINOS could weaken the bounds on θ 24 , since the bound would no longer apply to sin 2 2θ 24 but to sin 2 2θ 24 φ 2 41 . Indeed, one can always choose a modified dispersion relation f (E) such that, for a given energy E 0 in the spectrum of MINOS, f (E 0 ) = ∆m 2 4i /4E 0 , and then φ 41 (E 0 ) = 0. If, along the energy spectrum of MINOS, φ 4i were very small, it would be possible to weaken its bounds on the 3+1 framework, as it was previously explained. However, since f (E) is multiplied by a large L, the condition of φ 4i being small would be valid only for a short range of the energy spectrum. After a certain value of the energy, the modulus of kinematic phase φ 4i becomes very large and one recovers the 3+1 neutrino picture, in which the contribution from the sterile neutrino to the appearance probability is 1/2 sin 2 2θ 24 . This behaviour is illustrated in Figure 2 , where we have chosen f (E) = αE β . Therefore, modified dispersion relations whose origin is the violation of Lorentz invariance, together with sterile neutrinos, can not reconcile the LSND and MiniBooNE anomalies with the results of other atmospheric and long baseline experiments.
Modified dispersion relations from effective potentials
Altered dispersion relations due to effective potentials in the Hamiltonian can lead to energy dependent oscillation parameters. The nature of such an additional potential can be shortcuts through extra dimensions [32, 39] . This type of modification, together with the existence of one or more sterile neutrinos, has been suggested as a solution to the anomalies found in neutrino oscillation experiments [27, 39] . In the 3+1 scenario with modified dispersion relations, the neutrino Hamiltonian in vacuum is given by
This type of effective potential was initially proposed for α = 1, which would correspond to sterile neutrinos traveling through extra dimensions [27, 32] . The parameter is related to the time difference between the active and the sterile neutrino traveling through extra dimensions. It is clear that such a potential induces energy dependencies in the oscillation parameters. The value of the parameter α, which is model dependent, sets how wide or narrow the resonant effect is. It is important to notice that both mixing angles and mass splittings are now energy dependent. The latter ones can be obtained from the eigenvalues of the Hamiltonian, λ i , as m 2 i,eff = 2Eλ i (E). In principle, the resonant behavior of this scenario could relax the tension in data coming from appearance (MiniBooNE, essentially) and disappearance experiments (principally MINOS/MINOS+). The electron appearance probability in MiniBooNE is given by
where U eff and ∆m 2 eff are the corresponding effective mixing matrix and mass splitting once the additional effective potential is considered. Therefore, if the combination 4|U eff e4 | 2 |U eff µ4 | 2 happens to be large at the energy of the Mini-BooNE anomalous signal (E ≤ 0.3 GeV), this mechanism could give rise to a significant appearance probability in MiniBooNE. Unfortunately, forcing 4|U eff e4 | 2 |U eff µ4 | 2 to be large also affects the oscillation probabilities at long baseline experiments. In the upper left panel of Fig. 3 probability for MiniBooNE showing the required resonance at the energies of interest, as indicated by the blue curve. However, in the case of MI-NOS/MINOS+ (lower left panel) we see new fast oscillations, which should in average lower the signal rate in the disappearance channel with respect to the standard case (black line). The same happens in the disappearance channel at the T2K experiment. Most striking, however, is the expected signal at the appearance channel of T2K. There, one can see a very fast oscillation pattern reaching very large oscillation probabilities. This is due to the fact that the neutrino energy ranges covered by MiniBooNE and T2K overlap and, therefore, an energy dependent excess in MiniBooNE should have a visible effect in T2K as well. The standard oscillation parameters used to create these plots are those from Tab. 1. Note that using different values for δ would leave unchanged the MiniBooNE and T2K disappearance probability, while it will produce a slight modification in the T2K appearance probability. Previous studies [27] have pointed out an additional source of inconsistencies with the experimental data. In particular, it has been shown that, for energies above the resonance, and as a consequence of the energy dependence of the effective mass eigenstates, atmospheric neutrino experiments should also have presented clear deviations from the 3ν picture. Nonetheless, in a 3+3 scheme this can be (unfortunately only) partially solved.
Altered dispersion relations in a 3+3 scenario
Given the impossibility to reconcile the neutrino anomalous results in the context of a 3+1 scenario with altered dispersion relations, some works have proposed an alternative explanation in terms of a 3+3 scenario with or without extra new physics. If we consider three sterile neutrinos, our mixing matrix has to be further extended. The full mixing matrix is now given by [50] 
where we ignored possible CP-phases. The alteration of the dispersion relations can be introduced through an effective neutrino potential given by [27] 
where we introduce three new parameters , κ and ξ. This potential can be easily generalized by changing the power of the energy dependence. A resonant-like effect induced by this potential in MiniBooNE would require positive values for the coefficients , κ and ξ. Note that the initial proposal of the model in Ref. [27] uses an unconventional parametrization of the mixing matrix,
with only three new mixing angles:θ 14 ,θ 25 ,θ 36 . Moreover, they are imposed to be equal,θ 14 =θ 25 =θ 36 = θ. The reason for this shall be explained below.
Since the original parametrization [27] is easier to handle for the discussion we are going to present, we will use it from now on. For our numerical studies we will use again the standard oscillation parameters from Tab.1 and the new parameters from Tab. 2, for which we use two different sets. For simplicity, we have set all of the CP-phases to zero. 
These choices made in the initial proposal can potentially help to deal with the inconsistencies related to the values of the mass splittings at energies above the resonance. The idea behind it is that, above the resonance, sterile and active neutrinos swap their roles and the active-to-sterile mixing is suppressed. Then, the mass differences ∆m 2 54 and ∆m 2 64 are the ones accounting for the oscillations measured experimentally, ∆m 2 21 and ∆m 2 31 , respectively. Consequently, at high energies they have to be equal to ∆m 2 21 and ∆m 2 31 . Choosingθ 14 =θ 25 =θ 36 is necessary in order not to spoil this behavior at high energies.
Unfortunately, the tension between T2K and MiniBooNE arising from the energy dependence of the mixing angles is still present in models with altered dispersion relations and three sterile neutrinos. As in the 3+1 case, it is possible to achieve the desired resonant effect in MiniBooNE, see the upper left panel of Fig. 4 . This time also the MINOS/MINOS+ probability reproduces the standard one much better, since the fast oscillations appear only for rather low energies. However, it is clear that, as in the case of the 3+1 scenario, the oscillation probabilities at T2K are spoiled, as shown in the right panels of Fig. 4 .
Another problem arises in the calculation of the effective mass splittings. After diagonalizing the Hamiltonian, one can calculate the effective masses, m 2
i,ef f (E) = 2Eλ i (E), and their differences from the eigenvalues, λ i (E), which depend on the energy. The desired behavior regarding the mass split- tings is the following:
1. For energies below the one for which the LSND anomaly happens, E < E LSND ∼ 10 MeV, the standard mass differences ∆m 2 21 and ∆m 2 31 must be recovered. Therefore, the three sterile neutrinos must be considerable heavier than the active ones. 2. For energies larger than the one for which the MiniBooNE excess is found, E > E MB ∼ 300 MeV, the active and sterile neutrinos should decouple. In this range, ∆m 2 64 and ∆m 2 54 have to recover the values of ∆m 2 31 and ∆m 2 21 , respectively. In these two regimes far away from the resonances, the active-sterile mixing angles must be small. 3. To explain the observed signals in LSND and MiniBooNE, mass splittings of ∼ 1 eV 2 are needed and the mixing angles have to be large.
The energy dependence of the mass differences in this particular model is presented in Fig. 5 . The resonant behavior needed to generate a large mass splitting for the energy ranges in LSND and MiniBooNE would also effect the energy range covered by reactor experiments, in particular Daya Bay and KamLAND, which observe neutrinos with energies in the range of 1 − 10 MeV. Daya Bay can set strong constrains on this family of models, since its measurements of both θ 13 and ∆m 2 31 are very accurate [51] . KamLAND, on the other hand, measured ∆m 2 21 with an excellent accuracy [52] . In this energy range, the dependence of the mass splittings on the energy is very relevant. As it is shown in Fig. 5 , the values of ∆m 2 21 and ∆m 2 31 predicted by the model differ significantly from the values measured at reactor experiments, namely ∆m 2 21 7.6 × 10 −5 eV 2 and ∆m 2 31 2.5 × 10 −3 eV 2 . As a result, the predicted oscillation probabilities for Daya Bay and KamLAND deviate dramatically from the standard three neutrino framework, as one can see in Fig. 6 . Such a relevant deviation from the standard picture would have been easily detected already many years ago, so one can conclude that t he model under study is not compatible with neutrino oscillation data. The choice of different values for the parameters in the model does not change this result qualitatively, so one can conclude that this proposal for reconciling LSND and MiniBooNE with other neutrino oscillation data suffers from incompatibilities with reactor neutrino experiments.
Conclusions
We have shown that an additional sterile neutrino satisfying an altered dispersion relation arising as a consequence of an effective potential can not give an explanation of the MiniBooNE signal while, at the same time, being consistent with long baseline experiments, mainly MINOS/MINOS+ and T2K. Even in the case of more complex models with additional sterile neutrinos, the modification of the dispersion relation can not explain in a consistent picture current neutrino oscillation data and the observed anomalies. First, one finds that the resonant mixing angles required to explain the LSND and MiniBooNE excesses would have given rise to signals in other experiments, unobserved so far. Moreover, the dependence of the effective mass squared differences on the energy is strongly constrained by current reactor data and in disagreement with the predictions of this type of models. Therefore, sterile neutrinos with altered dispersion relations can be added to a growing list of better or worse motivated physics that can not explain the anomalies observed in neutrino oscillation experiments. Should one come up with a model including any form of altered dispersion relations, these two energydependent effects have to be correctly addressed, since they would set strong constraints in the parameters of the model under study.
Models of great complexity can be built in order to seek for an explanation to the anomalies in terms of sterile neutrinos. However, the number of parameters they require grows rapidly. The spirit that led to the proposal of oscillations with sterile neutrinos was to keep the explanation simple. If a large number of parameters was needed to phenomenologically explain the results from all the experiments, there would be no point on talking about sterile neutrino oscillations, since one would be eventually parametrizing some other physical phenomena. Therefore, greater efforts should be made in the search for explanations of the LSND and MiniBooNE signals which are not related to oscillations into sterile neutrinos.
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